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NERVES OF 2-CATEGORIES AND 2-CATEGORIFICATION
OF (∞, 2)-CATEGORIES
VIKTORIYA OZORNOVA AND MARTINA ROVELLI
Abstract. We show that the homotopy theory of strict 2-categories
embeds in that of (∞, 2)-categories in the form of 2-precomplicial sets.
More precisely, we construct a nerve-categorification adjunction that is a
Quillen pair between Lack’s model structure for 2-categories and Riehl–
Verity’s model structure for 2-complicial sets. Furthermore, we show
that Lack’s model structure is transferred along this nerve and that the
nerve is homotopically fully faithful.
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Introduction
Higher categories turned out to be the right language to formalize many
different mathematical phenomena. A category of higher order consists not
only of objects and morphisms between objects, but also of morphisms in
any dimension between morphisms of lower dimension.
The second-named author was partially funded by the Swiss National Science Foun-
dation, grant P2ELP2_172086.
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The first incarnation of higher category theory was the study of strict
n-categories, in which there are morphisms up to dimension n and the com-
position of morphisms of any order is strictly associative and unital. An
established way to formalize this idea is to consider categories enriched over
the category of (n−1)-categories. There is a natural notion of equivalence of
n-categories, given by n-functors that are homotopically essentially surjec-
tive on objects and induce equivalences on every hom-(n− 1)-category, and
there is interest in understanding the homotopy theory of n-categories up to
equivalence. To this end, model structures for the category of n-categories
have been established.
To accomodate many examples that appear in nature, more recently higher
category theory has included also the study of various forms of weak higher
categories, often referred to as (∞, n)-categories. In an (∞, n)-category there
are higher morphisms at any level, and they are invertible in dimension higher
than n. The composite of two morphisms is only defined only up to a higher
morphism, associativity and unitality only hold up to a higher morphism,
and invertibility of morphisms is expressed up to a higher morphism. Unlike
for strict n-categories, there is a lot of freedom in interpreting which math-
ematical object should implement the concept of an (∞, n)-category. As of
today, there are several models for (∞, n)-categories, together with model
structures that encode their homotopy theory.
For n = 0, 1, amongst many the most established models for (∞, n)-
categories there are Kan complexes and quasi-categories. These objects have
both the nature of simplicial sets satisfying certain lifting properties. In this
case, the 0-simplices are thought of as objects, m-simplices correspond to m-
morphisms, and the simplicial structure encodes identities and composition
law of an (∞, 0)- or (∞, 1)-category. For n > 1, in this paper we use a model
of (∞, n)-categories given by n-(pre)complicial sets. These are simplicial sets
having a certain lifting property in which some of the simplices that behave
as equivalences are marked. To formalize this idea, model structures for
n-(pre)complicial sets have been established.
Given the simplicial nature of these models, there is a standard way to re-
gard a strict n-category as an (∞, n)-category, by looking at its Street nerve.
The purpose of this paper is to show how this nerve can be used to meaning-
fully embed the homotopy theory of 2-categories in that of (∞, 2)-categories,
in the form of 2-precomplicial sets. While we go through the comparison of
n-categories and (∞, n)-categories with n = 0, 1 to then focus on n = 2, we
also indicate how the techniques employed are likely to generalize to the case
n > 2.
We construct a Quillen pair between the Riehl–Verity’s model structure
for (∞, 2)-categories and Lack’s model structure for 2-categories, and show
that the former is right-transferred from the latter. This formalizes the idea
that (∞, 2)-categories generalize 2-categories, and that the homotopy theory
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of 2-categories completely embeds in that of (∞, 2)-categories. Similar ideas
working with (∞, 2)-categories in the form of Θ2-sets are pursued in [Cam19].
Given a 2-category C, Street [Str87] and later Duskin [Dus02] defined the
nerve NStreet2 (C) to be a 3-coskeletal simplicial set in which a 0-simplex is
an object x of C, a 1-simplex is a 1-morphism f : x→ y of C, a 2-simplex is
a 2-morphism α : f ⇒ hg of C, and a 3-simplex consists of four 2-morphisms
of C for which the following composites agree.
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Unlike its 1-dimensional analog, the Street–Duskin nerve is not fully faithful
as a functor NStreet2 : 2Cat → Set
∆op . This issue is a manifestation of the
fact that composition of 2-morphisms is no longer completely captured by
the simplicial structure.
To correct the issue, Roberts and later Street endowed the Street–Duskin
nerve with further structure, by marking the simplices of the nerve corre-
sponding to identity morphisms in C. The nature of the Roberts–Street
nerve is that of a stratified simplicial set. Stratified simplicial sets are cer-
tain presheaves over an enlargement t∆ of the usual simplex category ∆.
Verity [Ver08a] shows that the Roberts–Street nerve is indeed fully faithful
as a functor NRS2 : 2Cat → Set
t∆op .
The corresponding adjunction
cRS2 : Set
t∆op
⇄ 2Cat : NRS2 ,
however, does not have good homotopical properties when endowing 2Cat
with the Lack model structure [Lac02] and Set t∆
op
with the Riehl–Verity
model structure for (∞, 2)-categories [OR18]. For instance, not all nerves of
2-categories are (∞, 2)-categories, and the adjunction is not a Quillen pair.
Rather than marking only the simplices coming from identities, we con-
sider a different marking on the Street–Duskin nerve NStreet2 (C). We mark all
1-simplices corresponding to equivalences in C, all 2-simplices corresponding
to invertible 2-morphisms, and all simplices in dimension higher than 2. The
nerve of 2-categories endowed with this marking, which we call natural nerve
and denote N ♮2(C), is a variant of a marking considered by Harpas–Nuiten–
Prasma [HNP18], Lurie [Lur09b] and Riehl [Rie18]. The natural nerve fits
into an adjoint pair
c♮2 : Set
t∆op
⇄ 2Cat : N ♮2
that has a better homotopical behaviour. Indeed, not only is the natural
nerve is a right Quillen functor, but it in fact creates the homotopy theory
of 2-categories, in the sense of the following theorem, which will appear as
Theorem 4.12.
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Theorem A. Lack’s model structure on 2Cat is right-transferred from the
Riehl–Verity model structure on Set t∆
op
for 2-complicial sets along the nat-
ural nerve N ♮2 : 2Cat → Set
t∆op .
Even though the natural nerve is not fully faithful on the nose, it is in a
homotopical sense, as we will show in Theorem 4.10 and Corollary 4.13.
Theorem B. For any 2-category C the counit ǫC : c
♮
2(N
♮
2(C))→ C is a weak
equivalence in the model structure for (∞, 2)-categories. As a consequence,
the natural nerve is homotopically fully faithful and c♮2(N
♮
2(C)) is a cofibrant
replacement for C in the Lack model structure.
The following relation between the natural nerve and the Roberts-Street
nerve is given by Theorem 5.2.
Theorem C. For any 2-category C the natural nerve N ♮2(C) is a fibrant
replacement of the Roberts–Street nerve NRS2 (C).
Acknowledgements. We would like to thank Andrea Gagna, Lennart Meier,
Francois Métayer and Emily Riehl for helpful conversations.
1. Model structures for strict higher categories
We recall a family of model structures on the categories nCat of strict
higher categories for n ≥ 0. Although we describe several relevant construc-
tions for general n, the reader is encouraged to focus on n = 2, for which
most contributions of this paper are. Although less surprising, the cases
n = 0, 1 fit into the picture and are useful to familiarize the reader with the
notions.
The idea behind a strict higher category is that it consists ofm-morphisms
for positive m
• whose source and target are two (m− 1)-morphisms;
• that can be composed along (m− 1)-morphisms;
• that have an identity (m+ 1)-morphism.
Composition is then required to be strictly unital and associative.
If there are m-morphisms existing in every dimension m ≥ 0, this is
formalized by the established notion of an ω-category [Str87, §1]. When
there are only m-morphisms up to dimension m ≤ n, we recover the more
familiar idea of a strict n-category : assuming that a 0-category is just a
set, an n-category is inductively described as a category enriched over the
category of (n−1)-categories. All together, ω-categories form a category ωCat
in which the morphisms are ω-functors, and it contains as a full subcategory
the category nCat of strict n-categories and strict n-functors for n ≥ 0.
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Remark 1.1. The fully faithful inclusions i : nCat →֒ (n + 1)Cat →֒ ωCat fit
into adjoint pairs
nCat (n+ 1)Cat
|−|n
(−)n
⊣
⊣
and nCat ωCat
|−|n
(−)n
⊣
⊣
where the left adjoint (−)n is the n-th truncation functor and the right
adjoint | − |n is the underlying n-category functor. Given an ω-category or
(n+ 1)-category C, the underlying n-category |C|n is obtained by forgetting
all morphisms in dimension strictly higher than n and the n-truncation Cn of
can be understood as the n-category obtaining by forcing all morphisms in
dimension strictly higher than n to be identities. We will discuss an instance
of truncation needed later more in details.
Lafont–Métayer–Worytkiewicz [LMW10] and Futia [Fut04] identify a no-
tion of ω-weak equivalence that specializes to the meaningful notion of n-
categorical equivalence. In particular, the notion recovers bijections of sets,
equivalences of ordinary categories and biequivalences of 2-categories when
n = 0, 1, 2. In order to model the homotopy theory of ω-categories and of
n-categories, Lafont–Métayer–Worytkiewicz in [LMW10] construct a model
structure on ωCat whose weak equivalences are the ω-weak equivalences, and
then right-transfer it along the inclusion functor to the category nCat of strict
n-categories, obtaining a model structure with the correct weak equivalences.
Theorem 1.2 ([LMW10, Theorem 5]). The category nCat supports a cofi-
brantly generated model structure in which
• all n-categories are fibrant;
• the weak equivalences are precisely the n-categorical equivalences.
When n = 0 the model structure above specializes to the following well-
known model structure on the category Set of sets1.
Proposition 1.3. The category Set supports a cofibrantly generated model
structure in which
• the weak equivalences are the bijections;
• the fibrations are all functions;
• the cofibrations are all functions.
Moreover,
• the unique generating acyclic cofibration is
id{0} : {0} → {0}
1For an account of model structures on Set , we recommend looking at [AC19].
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• the generating cofibration are
∅ →֒ {0} and {0} ∐ {0} → {0}.
When n = 1 the model structure above specializes to the canonical model
structure on the category Cat of ordinary categories, attributed to Joyal–
Tierney; see [Rez96] for a nice account. In order to recall the generating
cofibrations and acyclic cofibrations, we introduce relevant notation.
Notation 1.4. We denote by I the free isomorphism, namely the category
containing two objects x and y, and two non-identity 1-morphisms f : x→ y
and g : y → x that are inverse to each other, namely idx = gf and fg = idy.
The terminology is due to the fact that for any category C, functors I → C
classify precisely isomorphisms in C.
Notation 1.5. For m ≥ −1, we denote by [m] the totally ordered set (re-
garded as a category) with m+ 1 objects labelled 0, 1, . . . ,m. In particular,
[−1] is the empty category and [0] is the terminal category.
Notation 1.6. We denote by [⇒] the free parallel 1-morphism, namely the
1-category freely generated by the graph
x y .
Theorem 1.7. The category Cat supports a cofibrantly generated model struc-
ture, called the canonical model structure, in which
• the weak equivalences are the equivalences of categories;
• the fibrations are the isofibrations, and in particular all categories are fi-
brant;
• the cofibrations are the isocofibrations, i.e, the functors that are injective
on objects.
Moreover,
• the unique generating acyclic cofibration is
[0] →֒ I,
• the generating cofibrations are
[−1] →֒ [0], [0] ∐ [0] →֒ [1] and [⇒]→ [1].
When n = 2 we obtain Lack’s model structure on the category 2Cat of
2-categories. In order to recall the generating cofibrations and acyclic cofi-
brations, we introduce relevant notation and terminology.
Notation 1.8. Given any category C we denote by ΣC the suspension of C,
namely the 2-category given by two objects x and y and mapping categories
as follows:
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x y
C
∅
[0] [0].
In particular, ΣI is the free 2-isomorphism and Σ[⇒] is the free parallel
2-morphism, namely the 2-category freely generated by the 2-graph
x y .
We recall the following standard 2-categorical terminology relative to any
2-category C; for details see e.g. [Lac10].
• An adjunction in C consists of a pair of 1-morphisms f : x→ y and g : y →
x, called left adjoint and right adjoint, together with a pair of 2-morphisms
η : idx ⇒ gf and ǫ : fg ⇒ idy, called unit and counit, satisfying the
triangle identities
(ǫ ∗ f) ◦ (f ∗ η) = idf and (g ∗ ǫ) ◦ (η ∗ g) = idg .
• An adjoint equivalence in C is an adjunction for which the unit and the
counit are invertible; in this case, as a consequence of the triangle identities
the unit and the counit satisfy the identities
f ∗ η = (ǫ ∗ f)−1 : f ⇒ fgf and g ∗ ǫ = (η ∗ g)−1 : gfg ⇒ g.
• An equivalence in C is a 1-morphism f : x → y for which there exists a
1-morphism g : y → x such that there are 2-isomorphisms
idx ∼= gf : x→ x and fg ∼= idy : y → y,
or equivalently (cf. [Lac10, 2.2]) a 1-morphism that fits into an adjoint
equivalence as either a left adjoint or a right adjoint.
Notation 1.9. We denote by E2 the free adjoint equivalence, namely the
2-category freely generated by two objects x and y, two non-identity 1-
morphisms f : x → y and g : y → x, and two non-identity 2-morphisms
η : idx ⇒ gf and ǫ : fg ⇒ idy satisfying the relations
f ∗ η = (ǫ ∗ f)−1 : f ⇒ fgf and g ∗ ǫ = (η ∗ g)−1 : gfg ⇒ g.
The terminology is due to the fact that for any 2-category C, 2-functors
E→ C classify precisely adjoint equivalences in C.
Theorem 1.10 ([Lac02]). The category 2Cat supports a cofibrantly generated
model structure in which
• the weak equivalences are the biequivalences, i.e., biessentially surjective
functors that are homwise equivalences of categories;
• all 2-categories are fibrant;
• the cofibrant objects are the 2-categories whose underlying graph is free.
2This 2-category is Adj following the terminology of [HNP18].
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Moreover,
• the generating acyclic cofibrations are the canonical inclusions3
[0] →֒ E and [1] = Σ[0] →֒ ΣI;
• the generating cofibrations are the canonical maps
[−1] →֒ [0], [0] ∐ [0] →֒ [1], Σ([0] ∐ [0]) →֒ Σ[1] and Σ[⇒]→ Σ[1].
Since all model structures on the categories of n-categories are right-
transferred from the model structure on the category of ω-categories, as
n-varies these model structure are compatible in the following sense.
Proposition 1.11. For any n ≥ 0, the model structure on nCat is right-
transferred from the model structure (n+1)Cat along the canonical inclusion
i : nCat → (n+ 1)Cat . In particular, the adjunction
(−)n : (n+ 1)Cat ⇄ nCat : i
is a Quillen pair.
2. Model structures for weak higher categories
We recall a family of model structures defined on a presheaf category
Set t∆
op
whose fibrant objects are a model of (∞, n)-categories for n ≥ 0.
This variant of Riehl–Verity’s model of (∞, n)-categories is presented by a
model category of presheaves over the category t∆ satisfying further fibrancy
conditions. For the reader’s convenience, we recall the relevant definitions;
for a more detailed account on the content of this subsection, see [OR18].
We start by giving a description of Verity’s category t∆ from [Ver08b], in
terms of its generators and relations.
Notation 2.1. Let t∆ be the category defined as follows. The set of objects
is given by
Ob(t∆) := {[m] for all m ≥ 0} ∪ {[m]t for all m ≥ 1}.
The morphisms in t∆ are generated by the following maps:
• cofaces di : [m]→ [m+ 1] for 0 ≤ i ≤ m+ 1,
• codegeneracies si : [m]→ [m− 1] for 0 ≤ i ≤ m− 1,
• counmarking maps ϕ : [m]→ [m]t for m ≥ 1,
• comarking maps ζ im : [m]t → [m− 1] for 0 ≤ i ≤ m− 1.
3We warn the reader that in the paper [Lac02] Lack identified as a generating acyclic
cofibration the inclusion of [0] into the free equivalence instead of the free adjoint equiva-
lence. It was pointed out by Joyal that the original choice did not implement the desired
properties (in particular the former inclusion is not a weak equivalence), and the mistake
was then corrected in [Lac04].
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subject to the usual cosimplicial identities for cofaces and codegeneracies
and the additional relations
ζ iϕ = si : [m+ 1]→ [m] for m ≥ 1 and 0 ≤ i ≤ m,
siζj+1 = sjζ i : [m+ 2]t → [m] for 0 ≤ i ≤ j ≤ m.
The generating morphisms of t∆ can be pictured as follows.
[0] [1] [2] · · ·
[1]t [2]t · · ·
ϕ ϕ
ζ0 ζ0
ζ1
Definition 2.2. A prestratified simplicial set, or t∆-set for short, is a pre-
sheaf X : t∆op → Set . A stratified simplicial set is a prestratified simplicial
set for which the structure maps X([m]t)→ X([m]) are injective.
If X is a stratified simplicial set, we can think of X([m]t) as a specified
subset of the set Xm of m-simplices. Equivalently, the data of a stratified
simplicial set consists of a simplicial set together with a collection of marked
simplices in dimension at least 1 containing all degenerate ones. Generalizing
the same point of view, we will regard an arbitrary t∆-set X as a simplicial
set in which certain simplices are marked possibly many times, and X([m]t)
is the set of labels for marked m-simplices.
Unless otherwise specified, given any simplicial set we read it as a strat-
ified simplicial set in which only the degenerate simplices are marked, each
uniquely.
In order to describe the model structure on Set t∆
op
for (∞, n)-categories,
it is necessary to introduce further notational conventions.4
Notation 2.3. We denote
• by ∆[m](t) the t∆-set represented by [m](t), which is in fact a stratified
simplicial set.
• by ∆k[m], for 0 ≤ k ≤ m, the stratified simplicial set whose underlying
simplicial set is ∆[m] and in which a non-degenerate simplex is marked if
and only if it contains the vertices {k − 1, k, k + 1} ∩ [m].
• by∆k[m]′, for 0 ≤ k ≤ m, the stratified simplicial set obtained from ∆k[m]
by additionally marking the (k − 1)-st and (k + 1)-st face of ∆[m].
• by ∆k[m]′′, for 0 ≤ k ≤ m, the stratified simplicial set obtained from
∆k[m]′ by additionally marking the k-th face of ∆[m].
4Due to the involved combinatorial nature of these objects, we encourage the reader
who is not familiar with them to have a look at e.g. [Rie18] where they are introduced
together with insightful discussions.
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• by Λk[m], for 0 ≤ k ≤ m, the stratified simplicial set whose underlying
simplicial set is the k-horn Λk[m] and whose simplex is marked if and only
if it is marked in ∆k[m].
• by ∆[3]eq the stratified simplicial set whose underlying simplicial set is
∆[3], and the non-degenerate marked simplices consist of all 2- and 3-
simplices, as well as 1-simplices [02] and [13].
• by∆[3]♯ the stratified simplicial set whose underlying simplicial set is ∆[3],
and all simplices in positive dimensions are marked.
Definition 2.4. An elementary anodyne extension is one of the following.
(1) The complicial horn extension, i.e., the canonical map i.e., the regular
inclusion
Λk[m]→ ∆k[m] for m ≥ 1 and 0 ≤ k ≤ m,
which is an ordinary horn inclusion on the underlying simplicial sets.
(2) The complicial thinness extension, i.e., the canonical map
∆k[m]′ → ∆k[m]′′ for m ≥ 2 and 0 ≤ k ≤ m,
which is an identity on the underlying simplicial set.
(3) The triviality extension map, i.e., the canonical map
∆[l]→ ∆[l]t for l > n,
which is an identity on the underlying simplicial set.
(4) The saturation extension, i.e., the canonical map
∆[l] ⋆∆[3]eq → ∆[l] ⋆∆[3]
♯ for l ≥ −1,
which is an identity on the underlying simplicial set. Here, ⋆ denotes the
join construction of stratified simplicial sets, which can be found e.g. in
[Ver08b, Observation 34] or [Rie18, Def. 3.2.5].
Roughly speaking, according to the intuition that n-simplices in a t∆-set
or stratified simplicial sets are n-morphisms, and that the marked simplices
are n-morphisms that are invertible in some sense, we can interpret the
right-lifting properties with respect to the four classes of elementary anodyne
extensions as follows.
(1) Right-lifting against the complicial horn anodyne extensions encodes the
fact that morphisms can be composed.
(2) Right-lifting against the thinness anodyne extensions encodes the fact
that composites of equivalences are also equivalences.
(3) Right-lifting against the l-trivial anodyne extensions encodes the fact
that morphisms in dimension higher than l are invertible.
(4) Right-lifting against the saturation anodyne extensions encodes the fact
that all equivalences admit an inverse in some sense.
We will be interested in the following objects, which will be the fibrant
objects of the desired model structure.
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Definition 2.5. An (∞, n)-category5 is an n-precomplicial set, i.e., a t∆-set
that has the right lifting property with respect to the elementary anodyne
extensions from Definition 2.4.
The terminology is justified by the fact that n-precomplicial sets are equiv-
alent to n-complicial sets, which are a proposed model of (∞, n)-categories.
For the convenience of the reader who is interested in comparing with the ex-
isting literature, we include a small dictionary on the terminology appearing
in other sources.
Digression 2.1. Historically, the elementary anodyne extensions from Defini-
tion 2.4 were introduced to define in terms of right lifting properties several
relevant types of t∆-sets or stratified simplicial sets.
• A strict complicial set, is a stratified simplicial set that has the right lifting
property with respect to the complicial horn and the thinness anodyne
extensions and such that the lifts are unique. Strict complicial sets were
first considered by Roberts in unpublished work and by Street in [Str87,
§5], and Verity showed in [Ver08a] that strict complicial sets correspond
to ω-categories via a suitable nerve construction (which will be revised
as Construction 3.2). As a natural weakening of the previous notion, a
weak complicial set is a stratified simplicial set that has the right lifting
property with respect to the complicial horn and the thinness anodyne
extensions. The theory of weak complicial sets is anticipated by Street in
[Str87] and is then developed by Verity in [Ver08b].
• An n-trivial stratified simplicial set is a stratified simplicial set that has the
right lifting property with respect to the l-th triviality anodyne extension
for l > n.
• A saturated weak complicial set is a weak complicial set that has the right
lifting property with respect to the saturation anodyne extensions; the
notion of saturation first appears in [Rie18].
• An n-complicial set is a stratified simplicial set that has the right lifting
property with respect to the elementary anodyne extensions; n-complicial
sets are first consider in [Rie18] as a candidate model for (∞, n)-categories
and the terminology is introduced later in [RV18]. As a variant, an n-
precomplicial set is a t∆-set that has the right lifting property with respect
to the elementary anodyne extensions. We introduced n-complicial sets in
[OR18], where we also show that there are two Quillen equivalent model
structures on the categories of stratified simplicial sets and t∆-sets; see
[OR18, Prop.1.31] for more details.
We now recall the model structure for (∞, n)-categories.
Theorem 2.6 ([OR18, Theorem 1.28]). The category Set t∆
op
supports a
cofibrantly generated model structure where
5We warn the reader that Verity [Ver08a] uses the terminology “pre-complicial” to mean
something different.
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• the fibrant objects are precisely the (∞, n)-categories;
• the cofibrations are precisely the monomorphisms.
Moreover,
• the generating cofibrations are the canonical inclusions
∂∆[m]→ ∆[m] for m ≥ 0 and ∆[m]→ ∆[m]t for m ≥ 1.
Proposition 2.7. For any n ≥ 0, the identity
id : Set t∆
op
(∞,n+1) ⇄ Set
t∆op
(∞,n) : id
defines a Quillen pair between the model structure on Set t∆
op
for (∞, n)-
categories and for (∞, n + 1)-categories. In particular any (∞, n)-category
is also an (∞, n+ 1)-category.
We want to focus on n = 0, 1, 2 and relate the (model) categories of strict
n-categories and of (∞, n)-categories by means of meaningful adjunctions.
3. The Roberts–Street nerve-categorification adjunction
In this section we consider an adjunction between nCat and Set t∆
op
, which
will then be refined to one with better homotopical properties in the next
section. While we present the construction for general n ≥ 0, we then explain
which shapes these constructions take for n = 0, 1, 2.
The key ingredient to define the desired adjunction is the following.
Notation 3.1. We denote by O[m] the m-th oriental, as defined by Street
in [Str87, §2]; see also [Rie18, §2.2] for an alternative account.
While the precise definition of orientals is quite involved, the reader can
keep in mind that O[m] is the free m-category generated by the standard
simplex∆[m]. For instance, it contains m+1 objects, and a topm-morphism
between two suitable pasted composites of (m−1)-morphisms. It is straight-
forward to see that orientals form a cosimplicial object in ωCat .
In low degrees, we find that the 0-th oriental is the singleton O[0] ∼= {0},
the 1-st oriental is the walking arrow category O[1] ∼= [1], the 2-nd oriental
O[2] is the 2-category depicted as
1
0 2,
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and the 3-rd oriental O[3] is the 3-category that can be depicted as
3 2 3 2
⇛
0 1 0 1
.
Orientals were used by Street in [Str87, §5] to construct the following
adjunction, which was historically the first attempt to produce an object of
a simplicial nature starting from a higher category.
Construction 3.2. The cosimplicial object in ωCat given by [m] 7→ O[m]
induces an adjunction
cStreet : Set∆
op
⇄ ωCat : NStreet.
We call NStreet the Street nerve and cStreet the Street categorification.
In particular, for any ω-category C the set of m-simplices of the Street
nerve is given by
NStreet(C)m ∼= HomωCat (O[m], C).
By composing with the truncation adjunction from Remark 1.1 we obtain
another relevant adjunction. The cosimplicial object that defines it is the
following.
Notation 3.3. For m ≥ 0, we denote by On[m] the n-truncated m-th ori-
ental O[m], namely the n-truncation of the m-th oriental.
In low degrees, we find that O0[1] is a singleton, O1[2] ∼= [2] is the category
with two composable morphisms, O2[3] the 2-category depicted as
3 2 3 2
=
0 1 0 1
.
The following adjunction was also considered in [AM14, §5.10]. The right
adjoint is the ordinary nerve for n = 1 and was first considered by Duskin
[Dus02] in the case n = 2.
Construction 3.4. The cosimplicial object in nCat given by [m] 7→ On[m]
induces an adjunction
cStreetn : Set
∆op
⇄ nCat : NStreetn .
We call NRSn the n-Street nerve and c
RS
n the n-Street categorification.
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In particular, for any ω-category C the set of m-simplices of the Street
nerve is given by
NStreetn (C)m
∼= HomωCat (O[m], C).
When working with n > 1, simplices in dimension m in the nerve of an
n-category C play the twofold role of witnessing m-morphisms of C, as well
as witnessing the composite of morphisms in lower dimension of C. It then
became apparent that it is useful to record which simplices in the Street
nerve of an n-category C were witnessed by morphisms of C that were to be
considered equivalences in some sense. The first attempt in this direction is
due to Street and Roberts, who considered the Street nerve of an n-category
C and marked the simplices witnessed by identity morphisms of C. The
resulting nerve is the right adjoint in the following adjunction.
Construction 3.5. Consider the co-t∆-object in nCat given on objects by
[m] 7→ On[m] and [m]t 7→
{
Om−1[m] m ≤ n+ 1
On[m] m ≥ n+ 1
with cosimplicial structure induced by that of the truncated oriental On[m],
and with further structure maps given by taking the (m − 1)-truncation
On[m]→ (On[m])m−1 ∼= Om−1[m] and by factoring the codegeneracy maps
On[m]→ On[m− 1] through Om−1[m] or On[m].
This co-t∆-object induces an adjunction
cRSn : Set
t∆op
⇄ nCat : NRSn .
We call NRS the Roberts-Street n-nerve and cRS the Roberts-Street n-cate-
gorification.
We see that the set of m-simplices of NRSn (C) is given by
NRSn (C)m
∼= HomnCat (On[m], C) ∼= HomωCat (O[m], C).
Therefore NRSn (C) is a stratified simplicial set whose underlying simplicial
set is its Street nerve NStreetn (C), and the marked m-simplices are those wit-
nessed by an identity m-morphism in C, so in particular and all m-simplices
for m > n.
The main property of the nerve NRSn is the following, which is a reformu-
lation of a theorem that was first conjectured by Roberts and Street [Str87,
§5] and later shown by Verity [Ver08a].
Theorem 3.6. The nerve NRSn : nCat → Set
t∆op is a fully faithful functor
whose essential image is given by the stratified simplicial sets that are strict
n-complicial sets.
The property of fully faithfulness is equivalently expressed as follows.
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Proposition 3.7. For any n-category C the counit of the adjunction above
yields an isomorphism of n-categories
ǫRSC : c
RS
n (N
RS
n (C)) C.
∼=
In order to get the reader familiar with the construction, we will now
specialize these constructions in the cases n = 0, 1, 2.
For n = 0, the 0-truncated orientals are singletons, and the nerve-categori-
fication adjunction specializes to the following.
Construction 3.8. The co-t∆-object in Set given by [m](t) 7→ {0} induces
an adjunction
cRS0 : Set
t∆op
⇄ Set : NRS0 .
In particular, NRS0 (X) reads a set X as a discrete t∆-set, or equivalently
as a simplicial set constant at X in which all simplices are marked, each
uniquely.
For n = 1, the 1-truncated m-th oriental is the poset [m], and the nerve-
categorification adjunction specializes to the following.
Construction 3.9. The co-t∆-object in Cat given by
[m] 7→ [m] and [m]t 7→
{
[0] m = 1
[m] m ≥ 1
induces an adjunction
cRS1 : Set
t∆op
⇄ Cat : NRS1 .
In particular, NRS1 (C) is a stratified simplicial set whose underlying simpli-
cial set is the ordinary nerve N(C), the marked 1-simplices are the degenerate
ones, and all m-simplices for m > 1.
For n = 2, the 2-truncated orientals O2[m] seen as simplicial categories
by applying the nerve homwise coincide with the simplicial categories
N∗(O2[m]) ∼= C[∆[m]],
which were introduced by Cordier–Porter [CP86] and later used by Joyal
[Joy07] and Lurie [Lur09a, Def.1.1.5.1] to define the homotopy coherent nerve
adjunction.
In this case, the nerve-categorification adjunction specializes to the fol-
lowing.
Construction 3.10. The co-t∆-object in 2Cat given by
[m] 7→ O2[m] and [m]t 7→


[0] m = 1
[2] m = 2
O2[m] m ≥ 3
induces an adjunction
cRS2 : Set
t∆op
⇄ 2Cat : NRS2 .
15
In particular, NRS2 (C) is a stratified simplicial set whose underlying simpli-
cial set is its Street–Duskin nerve NStreet2 (C), the marked 1-simplices are the
degenerate ones, the marked 2-simplices are those that witness commutative
triangles in C and all m-simplices are marked in dimension m > 2.
For the reader’s convenience, we recall that the Street–Duskin nerve
NStreet2 (C) of a 2-category C is a 3-coskeletal simplicial set in which
(0) a 0-simplex consists of an object of C
x;
(1) a 1-simplex consists of a 1-morphism of C
x y;a
(2) a 2-simplex consists of a 2-morphism of C of the form
y
x z;
ba
c
(3) a 3-simplex consists of four 2-morphisms of C that satisfy the following
relation.
w z w z
=
x y x y
e e
d
a
b
c a
d
cf
4. The natural nerve-categorification adjunction
For the easy case of n = 0, the nerve-categorification adjunction intro-
duced in the previous section is well-behaved homotopically, as recorded by
the following proposition.
Proposition 4.1. The model structure on Set from Proposition 1.3 is right-
transferred from the Riehl–Verity model structure on Set t∆
op
for (∞, 0)-
categories along the natural nerve NRS0 : Set → Set
t∆op . In particular, the
adjunction
cRS0 : Set
t∆op
(∞,0) ⇆ Set : N
RS
0
is a Quillen pair.
Proof. The proof is a straightforward exercise, after observing that in the
model structure for (∞, 0)-categories a map between discrete t∆-sets is al-
ways a fibration, and is a weak equivalence if and only if it is an isomor-
phisms. 
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This property of the nerve-categorification adjunction highly exploits the
degenerate nature of the case n = 0, and the rest of the section is devoted to
the explaining why it fails for higher n and to producing a different nerve-
categorification adjunction for which the issues are resolved.
4.1. The natural nerve-categorification adjunction for n = 1. The
argument presented above cannot be reproduced at no price even for n = 1,
as there are two evidents obstructions.
Remark 4.2. The adjunction cRS1 : Set
t∆op ⇆ Cat : NRS1 is not a Quillen pair.
Indeed, it will be shown in Theorem 5.2 (or it can be checked directly) that
NRS1 (C) is fibrant if and only if C does not contain non-identity isomorphisms.
Remark 4.3. The model structure for 1-complicial sets on Set t∆
op
cannot be
transferred to Cat along the nerve NRS1 : Cat → Set
t∆op . If the said trans-
ferred model structure existed, the unique map I → [0] would be an acyclic
cofibration, being the image of the anodyne extension ∆[3]eq → ∆[3]
♯ via
cRS1 . Then the unique map BZ→ [0], which can be expressed as a pushout of
I→ [0] along the map I→ BZ whose image is the generator of Z would have
to be an acyclic cofibration and in particular a weak equivalence in the trans-
ferred model structure. This would mean that NRS1 (BZ)→ N
RS
1 ([0]) = ∆[0]
is a weak equivalence, and in particular Kan weak equivalence of underlying
simplicial sets, which is not true.
Aiming to prove an analog of Proposition 4.1 for n = 1, we modify the
nerve-categorification adjunction so that it has better homotopical proper-
ties. Inspired by Lurie’s natural marking of quasi-categories [Lur09a, Def.
3.1.1.8], a way to solve the issues is to change the stratification of the
Roberts–Street nerve of a 1-category C by marking the 1-simplices of NRS(C)
witnessed by morphisms of C that are isomorphisms, rather than identities.
This stratification for the nerve of 1-categories was first considered in [Rie18,
Prop.3.1.8], and is referred to as the 1-trivial saturated stratification. To im-
plement this idea, recall that I denotes the free isomorphism.
Construction 4.4. Consider the co-t∆-object in Cat given on objects by
[m] 7→ [m] and [m]t 7→
{
I m = 1
[m] m ≥ 2
with the usual cosimplicial structure, and with the further structure map
given by the canonical inclusion [1]→ I. It induces an adjunction
c♮1 : Set
t∆op
⇄ Cat : N ♮1.
We call N ♮1 the natural 1-nerve and c
♮
1 the natural 1-categorification.
In particular, N ♮1(C) is a stratified simplicial set whose underlying simpli-
cial set is the ordinary nerve N(C), the marked 1-simplices are those corre-
sponding to isomorphisms and all m-simplices are marked for m > 1.
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This adjunction has the desired homotopical properties.
Theorem 4.5. The canonical model structure on Cat is right-transferred
from the Riehl–Verity model structure on Set t∆
op
for (∞, 1)-categories along
the natural nerve N ♮1 : Cat → Set
t∆op . In particular, the adjunction
c♮1 : Set
t∆op
(∞,1) ⇆ Cat : N
♮
1
is a Quillen pair.
This proposition can be checked directly using the formalism of Lurie’s
marked simplicial sets from [Lur09a], or it can be deduced from the higher
analog of the same result, which we will show as Theorem 4.12.
The natural nerve for n = 1 is still fully faithful.
Proposition 4.6. For any category C the (derived) counit
ǫ♮C : c
♮
1(N
♮
1(C)) C
∼=
is an isomorphism of categories.
Proof. We give two strategies to prove the proposition, and leave the details
to the interested reader.
(1) The counit can be seen to be an acyclic fibration, by showing that it
has the right lifting property with respect to all generating cofibrations,
so it is in particular an equivalence of categories. Moreover it is bijec-
tive on objects, and any equivalence that is bijective on objects is an
isomorphism.
(2) By definition, the category c♮1(N
♮
1(C)) is obtained by glueing a copy of
[n] for any functor [n]→ C, and a copy of I for any invertible morphism
[1] → C. This means that the construction builds first C, and then
glues an inverse to any morphism f of C that is already invertible. In
particular, the newly added inverse of f must agree with the already
present inverse f−1. In particular, c♮1(N
♮
1(C)) is isomorphic to C and the
counit realizes this isomorphism. 
4.2. The natural nerve-categorification adjunction for n = 2. We now
proceed to studying the case of n = 2. Inspired by the same philosophy, we
want to change the stratification of the Roberts–Street nerve of a 2-category
C by marking the 1-simplices of NRS2 (C) witnessed by 1-morphisms of C that
are equivalences, rather than identities or isomorphisms, and by marking the
2-simplices of NRS2 (C) witnessed by 2-morphisms of C that are isomorphisms,
rather than identities.
We implement this idea, by considering a multiply marked variant of this
stratification for the nerve of 2-categories, closely related to Riehl’s 2-trivial
saturated stratification from [Rie18, Prop.3.1.10.].
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Recall that E denotes the free adjoint equivalence, and that ΣI denote
the suspension of the free isomorphism, which coincides with the free 2-
isomorphism.
Notation 4.7. We denote by O2[2] the 2-category obtained from O[2] by
adding a strict inverse to the top 2-morphism; it can be written as a pushout
O[2] ∼= O2[2] ∐
Σ[1]
ΣI,
and can be pictured as follows
1
0 2.
∼=
Construction 4.8. Consider the co-t∆-object in 2Cat given by
[m] 7→ O2[m] and [m]t 7→


E m = 1
O2[2] m = 2
O2[m] m ≥ 3
with the usual cosimplicial structure, and with the further structure maps
given by the canonical inclusions [1] → E and O2[2] → O2[2]. It induces an
adjunction
c♮2 : Set
t∆op
⇄ 2Cat : N ♮2.
We call N ♮2 the natural 2-nerve and c
♮
2 the natural natural 2-categorification.
In particular, N ♮2(C) is a t∆-set whose underlying simplicial set is the
Street–Duskin nerve NStreet2 (C), the marked 1-simplices are those corre-
sponding to 1-equivalences in C (each marked possibly multiple times), the
marked 2-simplices are those corresponding to 2-isomorphisms of C (each
marked uniquely), and all m-simplices are marked for m > 2 (each marked
uniquely). More precisely, the 1-simplex corresponding to a 1-equivalence f
in C is marked as many times as there are ways to complete f to an adjoint
equivalence (f, g, η, ǫ).
What we have lost is fully faithfulness of the nerve construction on the
nose, as shown by the following remark.
Remark 4.9. Using the detailed description of c♮2(N
♮
2(C)) for any 2-category
C given in Section 7, one can see that c♮2(N
♮
2(E)) is a much larger 2-category
than E; for instance, while the underlying 1-category of E is generated by f
and g, with a careful analysis of c♮2(N
♮
2(E)) one discovers that the underlying
1-category of c♮2(N
♮
2(E)) is freely generated by an infinite class of morphisms.
In particular the counit
ǫ♮
E
: c♮2(N
♮
2(E)) E
6∼=
cannot be an isomorphism.
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However, the following theorem guarantees that for n = 2 the counit is
an isomorphism at the level of homotopy categories, which is equivalent to
saying that the nerve is fully faithful at the level of homotopy categories.
Theorem 4.10. For any 2-category C the (derived) counit
ǫ♮C : c
♮
2(N
♮
2(C)) C
≃
is an acyclic fibration in the Lack model structure, and in particular a biequiv-
alence.
The proof makes use of the following lemma, which will be proven in
Section 7.
Lemma 4.11. For any 2-category C the (derived) counit is a local equivalence
of categories, i.e., for any objects x and y of C it induces an equivalence of
categories
ǫ♮C(x, y) : Mapc♮2(N
♮
2(C))
(x, y)→ MapC(x, y).
We can now prove the theorem.
Proof of Theorem 4.10. We show that the counit ǫ♮C has the right lifting prop-
erty with respect to all generating cofibrations.
• The fact that the counit lifts against [−1] →֒ [0] is a consequence of the
fact that the counit is bijective on objects.
• The fact that the counit lifts against [0]∐ [0] →֒ [1] is a consequence of the
fact that the counit is surjective on 1-morphisms and bijective on objects.
• The fact that the counit ǫ♮C lifts against Σ([0] ∐ [0]) →֒ Σ[1] and Σ[⇒
] → Σ[1] is a consequence of the fact that for every object x and y of C
the map induced by the counit on the hom-category ǫ♮C(x, y) lifts against
[0] ∐ [0] →֒ [1] and [⇒] → [1], which is true since ǫ♮C(x, y) is fully faithful
by Lemma 4.11. 
Motivated by Proposition 4.1 and Theorem 4.5, we will show the following
theorem in Section 6.
Theorem 4.12. Lack’s model structure on 2Cat is right-transferred from
the Riehl–Verity model structure on Set t∆
op
for 2-complicial sets along the
natural nerve N ♮2 : 2Cat → Set
t∆op . In particular, the adjunction
c♮2 : Set
t∆op
(∞,2) ⇆ 2Cat : N
♮
2
is a Quillen pair.
Combining Theorems 4.10 and 4.12, we also obtain the following corollary.
Corollary 4.13. For any 2-category C the counit ǫ♮C : c
♮
2(N
♮
2(C)) → C is
cofibrant replacement for C in the Lack model structure.
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While we already saw in Theorem 4.10 that the components of derived
counit ǫ♮C of the natural nerve-categorification adjunction at any C is a weak
equivalence, we do not expect the components of the derived unit to be
weak equivalences, since we do not expect the natural nerve-categorification
adjunction to be a Quillen equivalence. Indeed, here is a counterexample.
Remark 4.14. One can see that N ♮2(c
♮
2(∆[3]/∂∆[3])) is isomorphic to ∆[0],
and in particular the (derived) unit,
η♮∆[3]/∂∆[3] : ∆[3]/∂∆[3] N
♮
2(c
♮
2(∆[3]/∂∆[3]))
∼= ∆[0]
6∼=
cannot be a weak equivalence since it is not a Kan weak equivalence between
the underlying simplicial sets.
4.3. The natural nerve-categorification adjunction for n > 2. Al-
though it becomes more and more involved to formalize the natural nerve
construction, it is easy to guess how the pattern would continue for higher
values of n.
To this end, we first need to understand what is the correct notion of
equivalence for an m-morphism in an n-category C. The idea is that an
m-equivalence, as opposed to an m-isomorphism, should only be weakly
invertible, namely invertible up to higher coherence equivalences. This can be
formalized coinductively (see e.g. [LMW10, Def.6] or [Str87, §1]), exploiting
the higher categorical structure of C as follows.
(1) An n-morphism α : A → B of C is an n-equivalence if it is an n-iso-
morphism, namely if there exists an n-morphism β : B → A such that
idA = βα : A→ A and αβ = idB : B → B.
(2) For 0 ≤ k ≤ n, an (n − k)-morphism of C is an (n − k)-equivalence if
there exists an (n − k)-morphism β : B → A together with (n − k + 1)-
equivalences
idA ≃ βα : A→ A and αβ ≃ idB : B → B.
Notation 4.15. For n ≥ 0, we denote by Adjn
6 the free n-categorical 1-
equivalence, i.e., the n-category with the property that n-functors Adjn → C
into any n-category C correspond to 1-equivalences in C. In particular, we
recover as special instances the terminal category Adj0 ∼= [0], the free 1-
isomorphism Adj1 ∼= I and the free 2-categorical adjoint equivalence Adj2 ∼=
E. More generally, for n ≥ 0 and m ≤ n we denote by Σm−1Adjn−m+1
6The notation is justified by the fact that Adjn is indeed the n-truncation of the ω-
category Adj, that represents the homotopy coherent adjunction for ω-categories. This
ω-category is P1 following the terminology of [LMW10, §4.7].
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the free n-categorical m-equivalence7. In particular, we recover the free 2-
isomorphism Σ2−1Adj2−2+1 ∼= ΣI.
We also need to fix a notational convention for the free m-morphisms.
Notation 4.16. For any n ≥ 0 and m ≤ n we denote by Σm[0] the free
m-morphism of an n-category, i.e., the n-category with the property that
n-functors Σm[0] → C into any n-category C correspond to m-morphisms
in C. This n-category is in fact an m-category, and consists essentially of
a m-morphism between two parallel (m− 1)-morphisms8. In particular, we
recover the terminal category Σ0[0] ∼= [0], the free 1-morphism Σ1[0] ∼= [1]
and the free 2-morphism Σ2[0] ∼= Σ[1].
With the notions of free m-equivalences and free m-morphisms of an n-
category C at our disposal, we can explain how to modify the Roberts-Street
adjunction to obtain an adjunction with the desired homotopical properties.
In order to define the Roberts-Street adjunction, a crucial role was played
by the (m− 1)-truncated m-th oriental Om−1[m]. This n-category is by def-
inition obtained by glueing an identity m-morphism on the top m-morphism
of the m-th oriental O[m], and we can therefore express it as a pushout of
m-categories
Om−1[m] ∼= On[m] ∐
Σm[0]
Σm−1[0].
Inspired by how we treated the cases n = 1, 2, rather than glueing an iden-
tity m-morphism Σm−1[0] we instead glue a free n-categorical m-equivalence
Σm−1Adjn−m+1. This idea is formalized as follows.
Notation 4.17. For n ≥ 0 and m ≤ n we denote by On[m] the n-category
obtained from On[m] by gluing an m-equivalence to the top morphism of
O[m] regarded as an n-category. It can be expressed as the pushout
On[m] ∼= On[m] ∐
Σm[0]
Σm−1Adjn−m+1.
Construction 4.18. The co-t∆-object in nCat given by
[m] 7→ On[m] and [m]t 7→
{
On[m] m ≤ n
On[m] m > n
induces an adjunction
c♮n : Set
t∆op
⇄ nCat : N ♮n.
We call N ♮n the natural n-nerve and c
♮
n the natural natural n-categorification.
7The notation is justified by the fact that Σm−1Adjn−m+1 can in fact be understood
as an iterated categorical suspension of the (n−m+ 1)-category Adjn−m+1.
8The n-category Σm[0] appears often in the literature; Street [Str87] denotes it 2m,
Joyal [Joy97] and Ara [Ara14] by Dm, and Lafont–Métayer–Worytkiewicz [LMW10] by
O
m.
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In particular, N ♮n(C) is a t∆-set whose underlying simplicial set is the
Street nerve NStreetn (C) and the marked m-simplices are those witnessed by
m-morphisms that are m-equivalences in C (possibly multiple times), and
m-simplices are marked in dimension higher than m > n (each uniquely).
In this setup, we expect to be able to generalize the arguments presented in
this and in the next section to the case of general n, and prove in forthcoming
work the following conjectures.
Conjecture 4.19. The model structure on nCat is right-transferred from
the Riehl–Verity model structure on Set t∆
op
for (∞, n)-categories along the
natural nerve N ♮n : nCat → Set t∆
op
.
Conjecture 4.20. For any n-category C the (derived) counit
ǫ♮C : c
♮
n(N
♮
n(C)) C
≃
is an acyclic fibration, and in particular an n-categorical equivalence.
5. Relations between the two nerve-categorification
adjunctions
We show that the natural nerve is a fibrant replacement of the Roberts-
Street nerve.
Construction 5.1. For any 2-category C, there is a natural inclusion of
t∆-sets
NRS2 (C) →֒ N
♮
2(C)
given by taking the identity on the underlying simplicial sets and by regard-
ing naturally the simplices witnessed by identities as marked simplices in
N ♮2(C).
We recall that an anodyne extension is a map that can be expressed as
a retract of a transfinite composition of pushouts of elementary anodyne
extensions.
Theorem 5.2. Let C be a 2-category.
(1) The nerve NRS2 (C) is fibrant if and only if C it has no non-identity 1-
isomorphisms and no non-identity 2-isomorphisms.
(2) The natural nerve N ♮2(C) is fibrant.
(3) The canonical map NRS2 (C) → N
♮
2(C) is an anodyne extension, and in
particular a weak equivalence in the model structure for (∞, 2)-categories.
Part of the combinatorics that goes into the proof was already established
by Gurski in [Gur09].
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Proof. For part (1), we observe that if C it has no weakly invertible invert-
ible 1-morphisms and no invertible 2-morphisms the Roberts–Street nerve
NRS2 (C) agrees with the natural nerve N
♮
2(C), which we will know to be
fibrant after we will have shown Part (3). Viceversa, if C contains a non-
identity invertible 2-morphism α : f ⇒ g, the map
∆[0] ⋆∆[3]eq → N
RS
2 (C)
from (5.3) does not lift against the saturation anodyne extension
∆[0] ⋆∆[3]eq → ∆[0] ⋆∆[3]
♯,
so the Roberts–Street nerve NRS2 (C) is not fibrant. Similarly, if C contains
a non-identity invertible 1-morphism f : x→ y, the map
∆[3]eq → N
RS
2 (C)
whose image is given by
y x y x
=
x y x y
f f
f
f idx f
−1 f
f
f−1idy
idf
idx idf
idy
.
does not lift against the saturation anodyne extension
∆[3]eq → ∆[3]
♯,
so the Roberts–Street nerve NRS2 (C) is not fibrant.
Part (2) is a consequence of the fact that the natural nerve-categorification
adjunction is a Quillen pair, as shown in Proposition 6.1.
For part (3), we show how to build the natural nerve N ♮2(C) from N
RS
2 (C)
by means of a (finite) composition of retracts of pushouts of sums of ele-
mentary anodyne extensions. Given that the inclusion NRS2 (C) → N
♮
2(C)
does not change the underlying simplicial set, to obtain N ♮2(C) from N
RS
2 (C)
we only need add the (unique) marking of the 2-simplices of NRS2 (C) wit-
nessed by 2-isomorphisms of C and the (generally not unique) marking of
the 1-simplices witnessed by 1-equivalences of C.
Given any 2-isomorphism α : f ⇒ g with inverse β : g ⇒ f , we can define
a map
(5.3) ∆[0] ⋆∆[3]eq → N
RS
2 (C)
whose image is the 4-simplex of the nerve NRS2 (C) uniquely determined by
the following 2-skeleton
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x y
y
y
y
f
g
idf
β
x y
y
y
y
f
g
α
β
β
x y
y
y
y
f
g βidg
x y
y
y
y
f
g β
x y
y
y
y
f
g β
By taking the pushout of the sum of all such maps, as α varies, of the
saturation anodyne extensions
∆[0] ⋆∆[3]eq → ∆[0] ⋆∆[3]
♯
we obtain an anodyne extension
NRS2 (C) →֒ P1.
This inclusion does not change the underlying simplicial set, and P1 is ob-
tained from N ♮2(C) by marking (multiple times) all 2-simplices witnessed by
an invertible 2-morphism of C and such with degenerate 0th face.
Let P2 be the stratified simplicial set obtained from P1 by identifying
multiple marking of the same simplex. By [OR18, Lemma B.4], the map
NRS2 (C) →֒ P2
is a retract of the previous anodyne extension NRS2 (C) →֒ P1, and is therefore
also an anodyne extension. In particular, P2 is obtained from N
♮
2(C) by
marking (uniquely) all 2-simplices whose 0-th face is degenerate witnessed
by an invertible 2-morphism of C.
Given any 2-isomorphism α : f ⇒ g2g1 with g2 a non-identity morphism,
we can define a map
∆2[3]′ → P2
whose image is
z z z z
=
x y x y
id id
g1
f
g2g1
g2 f
g1
g2
g2
α
idg2g1
α
idg2
By taking the pushout of the sum of all such maps, as α varies, of the sum
of the thinness anodyne extensions
∆2[3]′ → ∆2[3]′′
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we obtain an anodyne extension
P2 →֒ P3.
This inclusion does not change the underlying simplicial set, and P3 is a
stratified simplicial set obtained from P2 by marking (uniquely) all remaining
2-simplices witnessed by an invertible 2-morphism of C.
Given any 1-equivalence f : x → y of C, there exists g : y → x such that
f : x⇄ y : g is an adjoint equivalence in C, with invertible unit η : idx ⇒ gf
and invertible counit ǫ : fg ⇒ idy. In particular the relation
f ∗ η = (ǫ ∗ f)−1 : f ⇒ fgf
holds. For any (f, g, η, ǫ) we can consider the map
∆[3]eq → P3
given by
y x y x
=
x y x y
f f
f
f idx
g f
f
gidy
idf
η idf
ǫ−1
.
By taking the pushout of the sum of all such maps, as (f, g, η, ǫ) varies, the
sum of the saturation anodyne extension
∆[3]eq → ∆[3]
♯
we obtain an anodyne extension
P3 →֒ P4.
This inclusion does not change the underlying simplicial set, and P4 is ob-
tained from P3 by marking (multiple times) all 1-simplices witnessed by a
1-equivalence of C.
Observe that N ♮2(C) is a quotient of P4, obtained by identifying all the
markings of f coming from (f, g, η, ǫ). Using a variant of [OR18, Lemma
B.4], the map P3 →֒ N
♮
2(C) is a retract of the previous anodyne extension
P3 →֒ P4, and is therefore also an anodyne extension, as desired.
One can now obtain the comparison of nerves as the composite of anodyne
extensions
NRS2 (C) →֒ P2 →֒ P3 →֒ N
♮
2(C). 
For any t∆-set X, one can write down a canonical map between the two
2-categorifications,
c♮2(X)→ c
RS
2 (X).
This map is not in general a biequivalence, and here is an example.
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Remark 5.4. Let X be a stratified set obtained by taking two copies of
∆[2]t and identifying the boundaries ∂∆[2]. Then one can check that the
Roberts–Street 2-categorification of X is isomorphic to [2], and the natural
2-categorification of X is isomorphic to two copies of O2[2] of which we
identify the boundaries (i.e., the underlying 1-categories). In particular,
the comparison map c♮2(X) → c
RS
2 (X) is not faithful on the hom-categories
between 0 and 2.
6. Proof of Theorem 4.12
The aim of this section if to prove Theorem 4.12. To this end, we will first
show that the natural nerve-categorification adjunction is a Quillen pair, and
use this fact to deduce that the model structure for (∞, 2)-categories can be
transferred along the natural nerve N ♮2. Finally, we will show that the said
transferred model structure coincides with Lack’s model structure.
Proposition 6.1. The adjunction c♮2 : Set
t∆op ⇄ 2Cat : N ♮2 is a Quillen pair.
Proof. We show in Lemmas 6.2 and 6.3 that c♮2 sends generating cofibrations
to cofibrations and elementary anodyne extensions to acyclic cofibrations.
We can then conclude by [Cis19, Prop. 2.4.40] that c♮2 is a left Quillen
functor, as desired. 
Lemma 6.2. The functor c♮2 : Set
t∆op → 2Cat sends generating cofibrations
to cofibrations.
Proof. We show that c♮2 sends all types of generating cofibrations to cofibra-
tions.
• The functor c♮2 sends the canonical inclusion ∂∆[0] →֒ ∆[0] to the canonical
inclusion [−1] →֒ [0], which is a generating cofibration;
• The functor c♮2 sends the canonical inclusion ∂∆[1] →֒ ∆[1] to the canonical
inclusion [0] ∐ [0] →֒ [1], which is a generating cofibration;
• The functor c♮2 sends the canonical inclusion ∂∆[2] →֒ ∆[2] to a pushout
of [1] = Σ[0] →֒ Σ[1]; this map is a composite of the canonical inclusion
[1] = Σ[0] →֒ Σ([0]∐ [0]), which is a pushout of the generating cofibration
[0]∐[0] →֒ [1] along itself, and of the canonical inclusion Σ([0]∐[0]) →֒ Σ[1],
which is a generating cofibration.
• The functor c♮2 sends the canonical inclusion ∂∆[3] →֒ ∆[3] to a pushout of
the generating acyclic cofibration Σ[⇒] −→ Σ[1] along the map
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Σ[⇒] → c♮2(∂∆[3]) whose image is given by the following two compos-
ite 2-morphisms.
3 2 3 2
and
0 1 0 1
f23 f23
f01 f01
α023
α012 α013
α123
• The functor c♮2 sends the canonical inclusion ∂∆[m] →֒ ∆[m] for m ≥ 4
to the identity of O2[m]. To see this we first observe that, by comparing
their right adjoints or by evaluating at representables, we find the relation
of left adjoint functors
c♮2 ◦ (−)
♭ ∼= cStreet2 : sSet → 2Cat ,
where (−)♭ : Set∆
op
→ Set t∆
op
denotes the minimal stratification of a sim-
plicial set (in which only degenerate simplices are marked). As a conse-
quence, c♮2 sends the canonical inclusion ∂∆[m]
♭ →֒ ∆[m]♭ for m ≥ 4 to
cStreet2 (∂∆[m])→ c
Street
2 (∆[m]), namely the 2-truncation of the canonical
map of ω-categories cStreet(∂∆[m]) → cStreet(∆[m]). By [Str87, Lemma
5.1], this map is the inclusion of the underlying (m− 1)-category of O[m]
(by [Str87, Lemma 5.1]) into O[m], and in particular an isomorphism
on the underlying 3-categories. Since the 2-truncation construction only
involves the underlying 3-category of an ω-category (cf. [LMW10, §6]),
the 2-truncation of the considered map is therefore an isomorphism of
2-categories, as desired.
• The functor c♮2 sends the canonical inclusion ∆[1] →֒ ∆[1]t to the canonical
inclusion [1] →֒ E, which is easily seen to be a cofibration using Lack’s
characterization of cofibrations [Lac02, Prop.4.14].
• The functor c♮2 sends the canonical inclusion ∆[2] →֒ ∆[2]t to the canonical
inclusion O2[2] →֒ O2[2], which is a pushout of the generating cofibration
Σ[1] →֒ ΣI.
• The functor c♮2 sends by definition the canonical inclusion ∆[m] →֒ ∆[m]t
for m ≥ 3 to the identity of O2[m]. 
Lemma 6.3. The functor c♮2 : Set
t∆op → 2Cat sends all elementary anodyne
extensions to acyclic cofibrations.
The following 2-categorical fact is handy for the verifications regarding
the outer complicial anodyne extensions.
Lemma 6.4. Let C be any 2-category, and h : y → z an equivalence. A
2-morphism α : f ⇒ g such that h ∗ α is invertible is itself invertible.
Proof of Lemma 6.3. We now show that c♮2 sends all types of elementary
anodyne extensions to acyclic cofibrations.
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• The functor c♮2 sends the complicial anodyne extensions Λ
k[1]→ ∆k[1] for
k = 0, 1 to [0] →֒ E, which is a generating acyclic cofibration.
• The functor c♮2 sends the complicial horn anodyne extension Λ
1[2] →֒
∆1[2] = ∆[2]t to the canonical inclusion [2] →֒ O2[2], which is a pushout
of the generating acyclic cofibration [1]→ ΣI.
• The functor c♮2 sends the complicial anodyne extensions Λ
k[2]→ ∆k[2] for
k = 0, 2 to a pushout of the generating acyclic cofibration [1]→ ΣI.
• The functor c♮2 sends the complicial anodyne extensions Λ
k[3]→ ∆k[3] for
k = 1, 2 to an isomorphism of a pushout of the form O2[3] ∐O2[2] O2[2].
• The functor c♮2 sends the complicial anodyne extensions Λ
k[3]→ ∆k[3] for
k = 0, 3 to an isomorphism of a pushout of the form O2[3]∐O2[2]O2[2]∐O2[2]
O2[2] ∐∆[1] E.
• The functor c♮2 sends the complicial anodyne extensions Λ
k[4]→ ∆k[4] to
an isomorphism, since the relation that defines c♮2(∆
k[m]) starting from
c♮2(Λ
k[m]) in fact already holds.
• The functor c♮2 sends the complicial anodyne extensions Λ
k[m] → ∆k[m]
for m ≥ 5 and 0 ≤ k ≤ m to an isomorphism. Indeed, ∆k[m] can be
obtained from Λk[m] by filling the boundary an (m − 1)-simplex to an
(m − 1)-simplex, then by filling the boundary an m-simplex to an m-
simplex and by finally marking the top newly added simplex. In particular,
this means that the inclusion Λk[m] →֒ ∆k[m] is a composite of a pushout
of ∂∆[m − 1] →֒ ∆[m − 1], followed by a pushout of ∂∆[m] →֒ ∆[m],
followed by a pushout of ∆[m] →֒ ∆[m]t, and by previous considerations
these types of maps are all sent to identities by c♮2.
• The functor c♮2 sends the thinness anodyne extensions ∆
k[2]′ → ∆k[2]′′
k = 0, 1, 2 to an isomorphism, which can be seen using the fact adjoint
equivalences satisfy the two-out-of-three property.
• The functor c♮2 sends the thinness anodyne extensions ∆
k[3]′ → ∆k[3]′′
for 1 ≤ k ≤ m to an isomorphism, which can be seen using the fact that
2-isomorphisms satisfy the two-out-of-three property.
• The functor c♮2 sends the thinness anodyne extensions ∆
k[m]′ → ∆k[m]′′ to
an identity form ≥ 4. Indeed, ∆k[m]′′ can be obtained from ∆k[m]′ by the
marking of the k-th face. This means that the extension ∆k[m]′ → ∆k[m]′′
is a pushout of ∆[m−1]→ ∆[m−1]t, which is mapped by c
♮
2 to an identity
for m ≥ 4.
• As already pointed out, the functor c♮2 sends the m-th triviality anodyne
extension ∆[m] →֒ ∆[m]t for m ≥ 3 to the identity of O2[m].
• The functor c♮2 sends the minus first saturation anodyne extension∆[3]eq →
∆[3]♯ to an isomorphism, which can be seen using the fact that adjoint
equivalences satisfy the two-out-of-six property.
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• The functor c♮2 sends the 0-th saturation anodyne extension ∆[0]⋆∆[3]eq →
∆[0] ⋆ ∆[3]♯ to an to an isomorphism, which can be seen using the fact
that 2-isomorphisms satisfy the two-out-of-six property.
• The functor c♮2 sends the l-th saturation anodyne extension ∆[l]⋆∆[3]eq →
∆[l]⋆∆[3]♯ for l ≥ 2 to an isomorphism, which can be seen inductively. 
Proposition 6.5. The category 2Cat supports the right-transferred model
structure of the Riehl–Verity model structure on Set t∆
op
for 2-complicial sets
along the natural nerve N ♮2 : 2Cat → Set
t∆op . In this model structure, the
fibrations and the weak equivalences are created by N ♮2 and the generating
cofibrations are obtained by taking the image via c♮2 of the generating cofibra-
tions of the model structure for (∞, 2)-categories on Set t∆
op
.
Proof. The model structure for 2-complicial sets is cofibrantly generated and
the category 2Cat is complete and cocomplete. We now check that the con-
ditions of the transfer theorem [Hir03, Theorem 11.3.2] hold for the desired
adjunction.
(1) Since 2Cat is a locally presentable (e.g. in [LMW10, §6]), we can use
[Bor94, Prop.5.2.10] to conclude that every object is small with respect
to some cardinal.
(2) Although we do not know have an explicit description of the generating
acyclic cofibrations of the model structure for (∞, 2)-categories, since
c♮2 is left Quillen any (retract of) transfinite composition of pushouts
of images of generating acyclic cofibrations under c♮2 is in particular an
acyclic cofibration, and since all 2-categories are fibrant it is sent by N ♮2
to a weak equivalence. 
Proposition 6.6. The right-transferred model structure on 2Cat coincides
with Lack’s model structure.
Proof. We observe that in both model structures all objects are fibrant; and
the generating cofibrations of the two model structures generate the same set
of cofibrations. Indeed, we already know from Proposition 6.5 that the (gen-
erating) cofibrations of the transferred model structure are Lack cofibrations
and we now show that Lack cofibrations are transferred cofibrations.
• The Lack generating cofibration [−1] → [0] is a generating transferred
cofibration, obtained as categorification of the canonical inclusion ∂∆[0] →֒
∆[0].
• The Lack generating cofibration [0] ∐ [0] → [1] is a generating trans-
ferred cofibration, obtained as the categorification of the canonical in-
clusion ∂∆[1] →֒ ∆[1].
• The Lack generating cofibration Σ([0]∐ [0])→ Σ[1] is a retract of the gen-
erating transferred cofibration obtained as the categorification of ∂∆[2] →֒
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∆[2]. We now show how to express Σ([0] ∐ [0]) as a retract of the cate-
gorification of ∂∆[2]. First, we take the inclusion Σ([0]∐ [0]) → c♮2(∂∆[2]),
that sends the two non-identity morphisms f and g of Σ([0] ∐ [0]) to the
two 1-morphisms f02 and f12f01 in c
♮
2(∂∆[2]) Then, we take the map de-
termined by sending the 1-morphisms f01, f02 and f12 of c
♮
2(∂∆[2]) to
the 1-morphisms idx, f and g of Σ([0] ∐ [0]), respectively. To express
Σ[1] as a retract of the categorification of ∆[2], we observe that the map
Σ([0] ∐ [0]) → c♮2(∂∆[2]) extends uniquely to a map Σ[1] → c
♮
2(∆[2]),
and that the map c♮2(∂∆[2]) → Σ([0] ∐ [0]) extends uniquely to a map
c♮2(∆[2]) → Σ[1]. It is easy to check that the two new maps compose to
an identity of Σ[1], as desired.
• The Lack generating cofibration Σ[⇒]→ Σ[1] is a retract of the generating
transferred cofibration obtained as the categorification of ∂∆[3] →֒ ∆[3],
as follows. We now show how to express Σ[⇒] as a retract of the categorifi-
cation of ∂∆[3]. We first take the inclusion Σ[⇒]→ c♮2(∂∆[3]), that sends
the two non-identity 2-morphisms α and β of Σ[⇒] to the 2-morphisms
(f23 ∗ α012)α023 and (α123 ∗ f01)α013 of c
♮
2(∂∆[3]), where fij is the edge of
∆[3] with vertices i and j and αijk is the 2-simplex of ∆[3] with vertices i,
j and k. Then, we take the map c♮2(∂∆[3])→ Σ[⇒] determined by sending
the four 2-morphisms represented by the 2-simplices α012, α013, α023 and
α123 of ∂∆[3] to the 2-morphisms ididx , β, α, and idg, respectively. To
express Σ[1] as a retract of the categorification of ∆[3], we observe that
the map Σ[⇒]→ c♮2(∂∆[3]) induces a map Σ[1]→ c
♮
2(∆[3]), and that the
map c♮2(∂∆[3]) → Σ[⇒] extends uniquely to a map c
♮
2(∆[3]) → Σ[1]. It is
easy to check that the two new maps compose to an identity of Σ[⇒], as
desired.
We conclude recalling from [Joy08, Prop.E.1.10] that a model structure is
determined by cofibrations and fibrant objects. 
7. Proof of Lemma 4.11
We now prove that the counit of the natural nerve-categorification ad-
junction is a homwise equivalence of categories. The proof requires a careful
analysis of c♮2(N
♮
2(C)) and of the effect of the counit at the level of hom-
categories.
Roughly speaking, the way one builds the 2-category c♮2(N
♮
2(C)) is by
using the data already present in C, and by adding formal inverses to 2-
isomorphisms, and by adding formal inverse equivalences to 1-equivalences
of C. Then, formal inverses of 2-isomorphisms get identified with the inverses
already present in C, and all formal inverse equivalences are turn out to be
all isomorphic to each other in a canonical way. We now investigate more
precisely the 2-categorical structure of c♮2(N
♮
2(C)).
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(0) Any object of c♮2(N
♮
2(C)) is uniquely described as an object x of C.
(1) The underlying 1-category of c♮2(N
♮
2(C)) is generated by the following
types of morphisms:
• a morphism [f ] : x→ y, for any such morphism f in C; and
• for any adjoint equivalence (f, g, η, ǫ) in C with f : x→ y, a morphism
f˜(f,g,η,ǫ) : x→ y and a morphism g˜(f,g,η,ǫ) : y → x.
These generators are subject to the relations that [f ] equals f˜(f,g,η,ǫ)
and that both g˜(idx,idx,ididx ,ididx ) and [idx] equal idx. In particular, any
1-morphism of c♮2(N
♮
2(C)) is uniquely described (modulo identities) by a
word a1a2 . . . an, with ai = [f ] being represented by a morphism of C or
ai = g˜(f,g,η,ǫ).
(2) The 2-categorical structure of c♮2(N
♮
2(C)) is generated by the following
types of 2-morphisms:
• for any 2-morphism ϕ : c⇒ d in C and any decomposition d = d1d2 of
1-morphisms in C, the 2-morphism
ϕd1,c,d2 : [c]⇒ [d1][d2]
and, if ϕ is 2-isomorphism of C, its inverse
ϕ−1d1,c,d2 : [d1][d2]⇒ [c];
• for any 1-equivalence f : x→ y in C, the unit and counit 2-morphisms
η˜(f,g,η,ǫ) : idx ⇒ g˜(f,g,η,ǫ)[f ] and ǫ˜(f,g,η,ǫ) : [f ]g˜(f,g,η,ǫ) ⇒ idy
and their inverses
η˜−1(f,g,η,ǫ) : g˜(f,g,η,ǫ)[f ]⇒ idx and ǫ˜
−1
(f,g,η,ǫ) : idy ⇒ [f ]g˜(f,g,η,ǫ).
In particular, any 2-morphism of c♮2(N
♮
2(C)) is described by a word com-
posed by these generators, subject to the following relations: the re-
lations encoded in the 3-simplices of N ♮2(C), the triangle identities for
η˜(f,g,η,ǫ) and ǫ˜(f,g,η,ǫ), the relations witnessing inverses for ϕd1,c,d2 , η˜(f,g,η,ǫ)
and ǫ˜(f,g,η,ǫ), the identification of (idd)idx,d,d and (idd)d,d,idx of with id[d],
the identification of η˜(idx,idx,ididx ,ididx ) and ǫ˜(idx,idx,ididx ,ididx ) with id[d].
According to this description, the counit
ǫ♮C : c
♮
2(N
♮
2(C))→ C
sends
• the objects and the generators of type [f ] and ϕd1,c,d2 to the corresponding
to objects or 1- or 2-morphisms of C, namely f or ϕ.
• the generators of type g˜(f,g,η,ǫ), η˜(f,g,η,ǫ) and ǫ˜(f,g,η,ǫ) that complete 1-
equivalences to an adjoint equivalence to g, η and ǫ, respectively.
• the generators of type, η˜−1(f,g,η,ǫ), ǫ˜
−1
(f,g,η,ǫ), ϕ
−1
c,d1,d2
to the inverses in C of
η˜(f,g,η,ǫ) and ǫ˜(f,g,η,ǫ) and ϕc,d1,d2 , respectively.
We can now prove the lemma.
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Proof of Lemma 4.11. We construct an inverse equivalence to the map in-
duced by the counit on hom-categories. Consider the functor
Fx,y : MapC(x, y)→ Mapc♮2(N
♮
2(C))
(x, y)
that sends any 1-morphism f : x → y of C to the 1-morphism of c♮2(N
♮
2(C))
represented by f , and any 2-morphism ϕ : a⇒ b of C to the 2-morphism of
c♮2(N
♮
2(C)) represented by ϕb,a,idx A careful analysis of the relations between
2-morphisms of c♮2(N
♮
2(C)) shows that it is a functor, and by definition
ǫ♮C(x, y) ◦ Fx,y = idMapC(x,y)
We now construct a natural isomorphism
Ψ: idMap
c
♮
2(N
♮
2(C))
(x,y) ⇒ Fx,y ◦ ǫ
♮
C(x, y),
by first constructing each component of Ψ and then proving that it is natural.
For r ≥ 1 we construct inductively a family of 2-isomorphisms in c♮2(N
♮
2(C))
of the form
Ψa1...ar : a1 . . . ar ⇒ Fx,y(ǫ
♮
C(x, y)(a1 . . . ar)),
where ai = [f ] or ai = g˜(f,g,η,ǫ).
• For r = 1, if a1 = [f ] for a 1-morphism f : x→ y of C we set
Ψ[f ] := idf : [f ]⇒ [f ],
and if a1 = g˜(f,g,η,ǫ) is a formal adjoint for a 1-equivalence f : x→ y of C,
we set Ψg˜(f,g,η,ǫ) to be the composite
Ψg˜(f,g,η,ǫ) : g˜(f,g,η,ǫ) [g][f ]g˜(f,g,η,ǫ) [g].
ηg,idx,f∗g˜(f,g,η,ǫ) [g]∗ǫ˜(f,g,η,ǫ)
• For r > 1, assume Ψa1...ar−1 to be already defined. Recall that for any
pair of composable 1-morphisms d1 and d2 in C there is a 2-isomorphism
in c♮2(N
♮
2(C)) corresponding to idd1d2 : d1d2 ⇒ d1d2, which we denote
Id1,d2 := (idd1d2)d1,(d1d2),d2 : [d1d2]⇒ [d1][d2].
We also write as a shorthand
b := ǫ♮C(x, y)(a1 . . . ar−1) and c := ǫ
♮
C(x, y)(ar).
Set Ψa1...ar to be the composite
a1 . . . ar−1ar [b]ar [b][c] Fx,y(ǫ
♮
C(x, y)(a1 . . . ar)).
Ψa1...ar−1∗ar [b]∗Ψar I
−1
b,c
We observe that the associativity of composition for 1-morphisms in C yields
3-simplices in N ♮2(C) which in turn impose the following relations on I in
c♮2(N
♮
2(C)) inductively for i = 1, . . . , r:
(7.1) Ψa1...ar = I
−1
ǫ♮
C
(x,y)(a1...ai),ǫ
♮
C
(x,y)(ai+1...ar)
◦ (Ψa1...ai ∗Ψai+1...ar).
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In order to show that Ψ is natural, thanks to the relation (7.1) it suffices to
check that is natural with respect to the generating 2-morphisms of c♮2(N
♮
2(C))
of the form ϕd1,c,d2 , η˜(f,g,η,ǫ), ǫ˜(f,g,η,ǫ), and their inverses.
• Given any 2-morphism ϕ : c ⇒ d1d2 of C, the naturality square of Ψ on
ϕc,d1d2,idx ,
[c] [c]
[d1][d2] [d1d2],
ϕd1,c,d2
Ψc
ϕd1d2,c,idx
Ψd1d2
commutes thanks to the relation on 2-morphisms of c♮2(N
♮
2(C)) witnessed
by following the 3-simplex of N ♮2(C)
z y z y
=
x x x x
d1 d1
idx
c d2 d2
c
idx
d2
d1d2
ϕ
idd2
ϕ
idd1d2
.
• Given any 1-equivalence f : x → y of C, the naturality square of Ψ on
η˜(f,g,η,ǫ) is the diagram
idx idx
[g][f ]
[g][f ]g˜(f,g,η,ǫ)[f ] [g][f ]
g˜(f,g,η,ǫ)[f ] [gf ],
ηg,idx,f
η˜(f,g,η,ǫ)
Ψidx
ηgf,idx,idx[g][f ]∗η˜(f,g,η,ǫ)
[g]ǫ˜(f,g,η,ǫ)[f ] I−1
g,f
ηg,idx,f∗g˜(f,g,η,ǫ)[f ]
Ψg˜(f,g,η,ǫ)[f ]
and commutes thanks to the triangle identities for η˜(f,g,η,ǫ) and ǫ˜(f,g,η,ǫ),
and thanks to the definition of Ψg˜(f,g,η,ǫ)[f ].
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• Given any 1-equivalence f : x → y of C, the naturality square of Ψ on
ǫ˜(f,g,η,ǫ) is the diagram
[f ]g˜(f,g,η,ǫ) [fg]
[f ][g][f ]g˜(f,g,η,ǫ) [f ][g]
[f ][gf ]g˜(f,g,η,ǫ)
[fgf ]g˜(f,g,η,ǫ) [fg][f ]g˜(f,g,η,ǫ)
[f ]g˜(f,g,η,ǫ)
idy [idy]
[f ]∗ηg,idx,f∗g˜(f,g,η,ǫ)
[f ]∗η
gf,id
x ,id
x ∗g˜
(f,g,η,ǫ)
(f∗η)
f
gf,f,id
x ∗g˜
(f,g,η,ǫ)
ǫ˜(f,g,η,ǫ)
Ψ[f ]g˜(f,g,η,ǫ)
ǫidy,fg,idy
[f ][g]∗ǫ˜(f,g,η,ǫ)
[f ]∗I−1g,f∗g˜(f,g,η,ǫ)
I−1f,g
If,gf∗g˜(f,g,η,ǫ)
(ǫ∗f)f,fgf,idx∗g˜(f,g,η,ǫ)
ǫidy,fg,idy∗[f ]g˜(f,g,η,ǫ)
I−1fg,f∗g˜(f,g,η,ǫ)
[fg]∗ǫ˜(f,g,η,ǫ)
ǫ˜(f,g,η,ǫ) Ψidy
and commutes thanks to the triangle identities for η and ǫ in C and the
relation (7.1).
• Finally, the commutativity naturality square ofΨ on the inverses of η˜(f,g,η,ǫ),
ǫ˜(f,g,η,ǫ) and ϕd1,c,d2 follows from that of the commutativity squares on
η˜(f,g,η,ǫ), ǫ˜(f,g,η,ǫ) and ϕd1,c,d2 , respectively. 
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